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Perturbation analysis of multi-asset portfolio optimization with transaction cost
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We employ perturbation analysis technique to study trading strategies for multi-asset portfolio
and obtain optimal trading methods for wealth maximization under arbitrary utility functions.

Most financial models that had been studied in the
past carry the unrealistic assumption that trading trans-
action is free. In recent years, the study of portfolio op-
timization under non-zero transaction cost has finally re-
ceived its due attention [1, 2]. In the literature, it was
generally assumed that there are only one risk-free as-
set (bond) and one risky asset (stock), albeit with one
notable paper by Atkinson and Mokkhavesa [2] where
multi-asset portfolio optimization is considered. With
perturbation method, the authors are able to obtain op-
timal investment strategy with arbitrary consumption
habit. In this paper, we go beyond the consumption habit
consideration and generalize the discussion to wealth
maximization. Specifically, we consider the strategy that
optimizes the wealth, defined according to some arbitrary
utility function, after a fixed length of time. The tool
we employ to treat this problem is perturbation analysis
on the corresponding Hamilton-Bellman-Jacobi (HBJ)
equation (for a review, see, e.g., [3]).

We consider a market with investment opportunities
on n stocks and a risk free bond. Let Si(t) be the
spot price of stock i at time t, Ai(t) and B(t) be the
value of assets invested in stock i, and risk free bonds
respectively, and Π(t) be the value of the whole portfo-
lio: Π = B +

∑n
i=1 Ai. An investor has a fixed interval

[0, T ] in which to invest. We assume Si(t) follows a ge-
ometric Brownian motion with growth rate µi > 0 and
volatility σi > 0. The risk free bonds, B, compounds
continuously with risk free rate r. The volatilities σi,
growth rates µi and interest rate r are constants. Cash
generated or needed from the purchase or sale of stocks
is immediately invested or withdrawn from the risk free
bonds. We will now firstly describe the method through
the analysis of portfolio optimisation without transac-
tion cost. This problem is easily solved without recourse
to perturbation analysis and will serve to familiarise the
readers with the usefulness of the HJB equation.

The model is represented by

dAi = µiAidt + σiAidXi , i = 1, · · · , n

dB = rBdt = r(Π −

n
∑

i=1

Ai)dt
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dΠ = rBdt +
n

∑

i=1

µiAidt +
n

∑

i=1

σiAidXi (1)

where Xi , i = 1, . . . , n, are standard Brownian motions
whose correlations, −1 ≤ ρij ≤ 1, are assumed constant.
At time t = 0, an investor has an amount Π0 of resources.
The problem is to allocate investments over the given
time horizon so as to maximise the following expectation
value:

E

{

F (Π(T )) +

∫ T

0

I(Π(t′))dt′

}

where the functions I and F can represent anything from
utility to the year end bonus of a trader. For instance,
if we assume that I = 0 and F (Π(T )) = log(Π(T )),
then the opimization problem constitutes the Long Term
Growth Model and the goal would be to optimise the
logarithm of the final wealth.

We restate the above equation in dynamic program-
ming form which will then allow us to transform the
problem to the corresponding HBJ equation. To do so,
we define the optimal expected value function J(Π, t) as

J(Π, t) = max
Ai

Et

{

F (Π) +

∫ T

t

I(Π(t′))dt′

}

(2)

where, to make financial sense, it is assumed that:

∂I

∂Π
≥ 0 ,

∂2I

∂Π2
≤ 0 (3)

∂F

∂Π
≥ 0 ,

∂2F

∂Π2
≤ 0 (4)

and one of ∂2I
∂Π2 or ∂2F

∂Π2 has to be strictly less than 0 [4].
Applying the Bellman Principle and Itô’s Lemma to

equation (2) the HBJ equations becomes [3]:

0 = max
A1,...,An

[

I +
∂J

∂t
+ r(Π −

n
∑

i=1

Ai)
∂J

∂Π

+

n
∑

i=1

µiAi
∂J

∂Π
+

1

2

n
∑

i,j=1

ΩijAiAj
∂2J

∂Π2

]

(5)

with the boundary condition J(Π, T ) = F (Π(T )) and
Ai as the control parameters from the perspective of dy-
namics programming. In the above equation, Ω is the
standard covariance matrix. By first diagonalizing the
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correlation matrix and then invest in proportional ac-
cording to the weights of the corresponding eigenvectors
(buying for positive weights and short selling for nega-
tive weights), one can eliminate the correlation between
the weighted combinations of stocks. Hence we will from
now on assume that all the diagonal elements in Ω are
zeros. We can rewrite eqn 5 in matrix notation as

0 = max
~A

[

Jt + I + rΠJΠ + ~̂µ
T

~AJΠ +
1

2
~AT Ω ~AJΠΠ

]

.

(6)

where ~̂µ
T

= (µ1 − r, . . . , µn − r). By differentiating the

above with respect to ~A, one obtain as the solution to the

Bellman Equation: ∂J
∂Π

~̂µ + Ω ~A ∂2J
∂Π2 = 0, or equivalently

~A = −
Ω−1~̂µ ∂J

∂Π
∂2J
∂Π2

. (7)

Example: the Long Term Growth Model. Apply
the multi-asset optimization to the Long Term Growth
Model that is to maximize E[log Π], we obtain

J(Π, t) = log Π + (r +
1

2
~̂µ

T
Ω−1~̂µ)(T − t) . (8)

and ~A∗ = ΠΩ−1~̂µ.

We will now include transaction cost to our dis-
cussion. As the transaction cost usually amounts to
0.01-1% of the total transaction, the strategy is to
expand the value function in terms of the transaction
cost and by keeping track of the first few lowest order
terms, we will derive the first order correction to the
optimal trading strategy under no transaction cost. We
note that the accuracy of the analysis could be further
improved by going to higher orders in the analysis.

We assume that the transaction cost is proportional
to the stock price with the proportionality constants de-
noted by k, the market model equations are thus repre-
sented by

dB = rBdt − (1 + k)dLi(t) + (1 − k)dMi(t)

= r(Π −

n
∑

i=1

Ai)dt − (1 + k)dLi(t) + (1 − k)dMi(t)

dAi = µiAidt + dLi(t) − dMi(t) + σiAidXi , i = 1, · · · , n

dΠ = rΠ +

n
∑

i=1

(

− rAidt + µiAidt + σiAidXi

)

−
n

∑

i=1

(

kdLi(t) + kdMi(t)
)

(9)

where Li(t) and Mi(t) represent the cumulative purchase
and sale of assets Ai in [0, T ]. The optimal expected value

function J(Π, ~A, t) is

J(Π, ~A, t) = max
Li,Mi

E

{

F (Π(T )) +

∫ T

t

I(Π(t′))dt′

}

.

(10)

and the corresponding HBJ equation is [3]:

max
Li,Mi

{

I +
∂J

∂t
+

n
∑

i=1

(

µiAi +
dLi

dt
−

dMi

dt

)

∂J

∂Ai

+

[

r(Π −

n
∑

i=1

Ai) +

n
∑

i=1

(

µiAi − k
dLi

dt
− k

dMi

dt

)

]

∂J

∂Π

+
n

∑

i=1

σ2
i A2

i

(

1

2

∂2J

∂A2
i

+
∂2J

∂Π2
+

∂2J

∂Ai∂Π

)

}

= 0

where in the case, Li and Mi are the control parameters
from the dynamics programming perspective.

With regard to the above equation, we now consider
three separate cases:

Case 1: ∂J
∂Ai

− k ∂J
∂Π < 0 and − ∂J

∂Ai
− k ∂J

∂Π ≥ 0.
In this case, the maximum is achieved by choosing
dLi = 0 and dMi = ∞ which suggests selling at the
maximum rate.

Case 2: ∂J
∂Ai

− k ∂J
∂Π ≥ 0 and − ∂J

∂Ai
− k ∂J

∂Π ≤ 0.
In this case, the maximum is achieved by choosing
dLi = ∞ and dMi = 0 which suggests buying at the
maximum rate.

Case 3: ∂J
∂Ai

− k ∂J
∂Π < 0 and − ∂J

∂Ai
− k ∂J

∂Π < 0.
In this case, the maximum is achieved by choosing
dLi = 0 and dMi = 0 which suggests no transaction is
needed.

We note that it is not possible to have ∂J
∂Ai

− k ∂J
∂Π and

− ∂J
∂Ai

−k ∂J
∂Π be both greater than zero as we assume that

J is an increasing function of Π. This can be broadly
interpreted as more wealth cannot decrease the value
function from the trader’s point of view.

With the above consideration, the optimal trading

strategy, given t, Π and ~A, can therefore be parti-
tioned into three possible regions: sales, purchase and
no-transaction regions. Inside the no-transaction region,

d~L and d ~M are identically zero and hence J satisfies HBJ
equation with k = 0 (no transaction cost). At the bound-
ary between sales region and no transaction region, we
assume that J is continuous and differentiable. The ne-
cessity of this assumption is more thoroughly discussed
in [5, 6]. Suppose the point (Π, A, t) is at the sales re-
gion, when a very small quantity of assets h is sold, the
risk-free bond increases by an amount of h(1 − k), while
the whole portfolio value is reduced by kh. As the value
function J must be the same after the sales (the conti-
nuity assumption), we have

J(Π + kh, A, t) = J(Π, A − h, t)

k
J(Π + kh, A, t) − J(Π, A, t)

kh
=

J(Π, A − h, t) − J(Π, A, t)

h

As h → 0, the above equation becomes k ∂J
∂Π = − ∂J

∂A .
From the above arguments, we know that when the port-
folio is in the sales region, the optimal strategy is to sell
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stocks until the portfolio is at the no-transaction region
boundary, and thus bring the portfolio back into the no-
transaction region. In the purchase-no-transaction re-
gion, we similarly have k ∂J

∂Π = ∂J
∂A . Due to the opti-

mality assumption [6], we also have the smooth pasting
condition at the sales-no-transaction and purchase-no-
transaction boundaries. Specifically, we assume that ∂J

∂A
exists and is continuous across the sales-no-transaction
boundary. Using the same argument as in the value
matching consideration earlier, we have ∂J

∂A

∣

∣

(Π+kh,A,t) =
∂J
∂A

∣

∣

(Π,A−h,t) , or equivalently, ∂2J
∂A2 = −k ∂2J

∂A∂Π , at the

sales-no-transaction boundary; and the equality: ∂2J
∂A2 =

k ∂2J
∂A∂Π at the purchase-no-transaction boundary.
To re-cap, at the purchase-no-transaction boundaries

for stock i, i = 1, . . . , n, J satisfies k ∂J
∂Π = ∂J

∂Ai
and

∂2J
∂A2

i

= −k ∂J
∂Ai∂Π . At the sales-no-transaction boundaries,

J satisfies k ∂J
∂Π = ∂J

∂Ai
and ∂2J

∂A2

i

= k ∂J
∂Ai∂Π . These equal-

ities are to be supplemented by the boundary condition

at t = T : J(Π, ~A, T ) = F (Π).
For i = 1, . . . , n, we redefine the Ai coordinate as Ai =

Ai(Π, t) + k1/3αi, where Ai is the value of stock i when
the ki tends to zero, i.e., when the transaction cost goes

to zero. We let H(Π, ~α, t) = J(Π, ~A, t) and we further
expand H(Π, ~α, t) in powers of k1/3 as:

H0(Π, ~α, t) + k1/3H1(Π, ~α, t) + k2/3H2(Π, ~α, t)

+ kH3(Π, ~α, t) + k4/3H4(Π, ~α, t) + O(k5/3) (11)

The reason for expanding H and Ai in powers of k1/3 is
out of necessity and is previously studied in the literature
[1] (for a simple explanation, see [7]).

We will from now on keep track of the expression up to
the first non-trivial correction: O(k5/3). The boundary
condition at t = T gives the following conditions:

H0(Π, ~α, T ) = F (Π) (12)

Hm(Π, ~α, T ) = 0, 1 ≤ m ≤ 4 (13)

By matching the orders of k, the continuity conditions
at the sales-no-transaction boundary (corresponds to the
+ sign in ±) and at the purchase-no-transaction bound-
ary (corresponds to the − sign in ±) become:

For 0 ≤ m ≤ 2,
∂Hm

∂αi
= 0 (14)

∂H3

∂αi
±



−
n

∑

j=1

∂Aj

∂Π

∂H0

∂αj



 = 0 (15)

∂H4

∂αi
±

∂H0

∂Π
±



−
n

∑

j=1

∂Aj

∂Π

∂H1

∂αj



 = 0 (16)

and the smooth pasting equations become:

For 0 ≤ m ≤ 2,
∂2Hm

∂α2
i

= 0 (17)

∂2H3

∂α2
i

±



−

n
∑

j=1

∂Aj

∂Π

∂2H0

∂α2
j



 = 0 (18)

∂2H4

∂α2
i

±
∂2H0

∂αi∂Π
±



−

n
∑

j=1

∂Aj

∂Π

∂2H1

∂α2
j



 = 0 (19)

At the no-transaction region, after expanding H
according to equation (11) and collecting terms of the
same order in k, we have the equations below:

O(k−2/3) Equation: DH0 = 0, where D is an op-
erator defined as

∑n
i,j=1 Dij∂

2
αiαj

where Dij is:

1

2

∂Ai

∂Π

∂Aj

∂Π

n
∑

h=1

σ2
hA

2
h + σ2

i A
2
i

(

1

2
δij −

∂Ai

∂Π

)

(20)

O(k−1/3) Equation: DH1 = 0.

O(1) Equation: DH2 = −MH0, where M is an
operator defined as

∂t + I + r(Π−

n
∑

i=1

Ai)∂Π +

n
∑

i=1

(

µiAi∂Π +
1

2
σ2

i A
2
i ∂

2
ΠΠ

)

.

(21)
O(k1/3) Equation: DH3 = −

∑n
i=1 αi∂Ai

(MH0)−MH1.

O(k2/3) Equation: D(H4) = − 1
2

∑n
i=1 σ2

i
∂2H0

∂Π2 α2
i −MH2.

Combining the O(k−2/3) equation with equations (14)
and (17) when m = 0, one finds that H0 is independent
of ~α. Combining the O(k−1/3) with equations (14) and
(17) when m = 1 shows that H1 is independent of ~α;
Combining the O(1) equation with equations (14) and
(17) when m = 2 shows that H2 is independent of ~α.
The O(k1/3) equation together with equations (15) and
(18) imply that H3 is independent of ~α. Together with
boundary condition in equation (13), one finds that H1

is in fact 0. In other words, by matching the coefficients
of the various orders in k, we find that H1 = 0, and
H0, H2, H3 are independent of ~α.

Without loss of generality, we let α+ denotes the
purchase-no-transaction boundary for α1 and α− for the
sales-no-transaction boundary. From eqns 16, we know
at α−:

∂H4

∂α1
+

∂H0

∂Π
= 0 and

∂2H4

∂α2
1

= 0 ; (22)

and at α+, we have:

∂H4

∂α1
−

∂H0

∂Π
= 0 and

∂2H4

∂α2
1

= 0 . (23)

As we have established that H2 is independent of ~α, with
the O(k2/3) equation, we can conclude that H4 has the
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following form in general:

H4 =

4
∑

j1, . . . , jn = 0
s.t. j1 + . . . + jn ≤ 4

ĥj1...jn
α

j1
1 . . . αjn

n , (24)

i.e., a multinomial with a total degree of at most four.
Let us concentrate on the boundary for α1 and redefine

the hs by absorbing the relevant αm for m > 1. In other
words, the expression for H4 is simplified to:

H4 =

4
∑

j=0

h
j
1α

j
1

where hj
m can be functions of αm, m > 1. We now make

the simplifying assumption that |α+| = |α−|. This is
equivalent to saying that the transaction (buy or sell)
boundaries are the same distance away from the unper-
turbed optimal curve. We note that this assumption is
proved in the 2-risky-asset case [5].

From the third equality in equations (22) and (23), we
know that α+ and α− are the roots of

0 = 6h4
1α

2
1 + 3h3

1α1 + h2
1 . (25)

The assumption that |α+| = |α−| renders h3
1 zero. Now,

equations (16) implies that α− and α+ satisfy respec-
tively:

±
∂H0

∂Π
= 4h4

1α
3
± + 2h2

1α± + h1
1 . (26)

Since α+ = −α−, summing the above equations gives:
h1

1 = 0. Substituting eqn 25 into eqn 26, we have

α3
± = ±

1

16h4
1

∂H0

∂Π
. (27)

To calculate h4
1, we invoke the O(k2/3) equation: By com-

paring the coefficient of the α2
1 term on both sides, we

find:

h4
1 = −

σ2
1

24D11

∂2H0

∂Π2
. (28)

So finally, α± can be expressed as:

α3
± = ∓

3D11

2σ2
1

∂H0

∂Π

(

∂2H0

∂Π2

)−1

(29)

where H0 is the optimal trading strategy when there is
no transaction cost.

As an example, let us consider the Long Term Growth

Model where H0(Π) = log Π and ~A = ΠΩ−1~̂µ (c.f.
eqn 8), the width of the boundary for stock 1 is therefore:







3Π3k

2σ4
1





µ̂2
1

2σ2
1

n
∑

j=1

µ̂2
j

σ2
j

+
µ̂2

1

2
−

µ̂3
1

σ2
1











1/3

(30)

with similar expressions for other stocks. We note that
the first term in the square brackets summarizes the cou-
pling between the different stocks.

In conclusion, we have employed perturbation theory
to study multi-asset optimisation for wealth maximiza-
tion under arbitrary utility function. We believe that our
analysis is of interest to other generic stochastic systems.
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